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Magnetically robust topological edge states and flat bands
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We study thin strips of three dimensional topological insulators in the presence of a spin-splitting
Zeeman field. We show that under certain conditions the topological edge states at the sides of a
strip remain robust against a time-reversal symmetry breaking Zeeman field. For a particle-hole
symmetric system with Zeeman field perpendicular to the strip we strictly proof that the dispersion
and the spin-orbital structure of the edge states remains unchanged. When the Zeeman field lies
parallel to the strip, the Dirac spectrum becomes flat, but remains intact. Above a critical value
of the Zeeman field a topological flat band appears at the edge. We present numerical calculations
for a lattice model of Bi2Se3. These calculations show that even though particle-hole symmetry is
not strictly fulfilled in this system, these special features are still present. The flat band is tunable
by the Zeeman field and can be realistically achieved in Bi2Se3-ferromagnet heterosystems at room
temperature.
PACS numbers: 73.20.At, 75.70.-i, 73.43.-f, 03.65.Vf
I. INTRODUCTION
Symmetries play an important role in condensed
matter physics. Recently, a peculiar state of
matter, the topological insulator, has been first
suggested theoretically1,2 and subsequently observed
experimentally.3–8 In these materials time-reversal sym-
metry guarantees protection of conducting surface or
edge states against backscattering, which is a require-
ment for dissipationless spin transport. Usually, when a
time-reversal symmetry breaking perturbation is applied,
like a magnetic field for example, the edge states are not
protected anymore and may acquire a gap.9 Protected
topological surface states in time-reversal symmetry bro-
ken systems have recently been suggested in superfluid
3He-B10 and topological superconductors.11 Here, we will
show that under certain circumstances even edge states of
a topological insulator may become robust under a time-
reversal symmetry breaking perturbation. In particular,
a robust flat band may appear.
Recently, several materials, like Bi2Se3, Bi2Te3,
Sb2Te3, or PbBi2Te4 have been experimentally identified
as three dimensional topological insulators (3DTI).5–8
The topological protection of the surface states and their
spin-momentum coupled nature makes these systems par-
ticularly interesting for spintronics. Several devices have
been proposed theoretically.12–16 In particular, the com-
bination with ferromagnetic materials or the application
of magnetic fields can lead to interesting effects.
In the present work we study thin strips of 3DTI mate-
rials in the presence of a time-reversal symmetry break-
ing Zeeman field. Zeeman fields can be introduced into
topological insulators either by doping with ferromag-
netic dopants16 or by proximity to a ferromagnetic ma-
terial (see Fig. 1). We show that in this case certain ad-
ditional spin-orbital symmetries are present, which are
respected by the Zeeman field. These symmetries can
make the edge states robust even against a Zeeman field.
We will also show that at larger Zeeman fields a phase
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FIG. 1: (Color online) Geometry of the thin strip considered
here: the strip (green, TI) has a finite extension in y-direction
and is confined in z-direction, such that the edge states (red)
become dominant at the Fermi level. An in-plane or out-of-
plane Zeeman field can be provided by a ferromagnetic layer
(blue, FM) via the proximity effect, for example.
transition appears into a state with a robust flat band.
Flat bands in solids are particularly interesting objects,
because the group velocity vanishes, allowing for immo-
bile wave packets, localized states, and a giant effective
mass.17 The special feature of the flat band we find here
is that it is tunable by the Zeeman field and can be real-
istically achieved in Bi2Se3 thin films.
II. MODEL
We start from the lattice regularized version of an effec-
tive two-orbital model for three dimensional topological
insulators suggested by Li et al18 in the presence of a
Zeeman field. This is one of the two models that are cur-
rently being discussed for 3DTI materials.19 These two
models differ only in the way how the spin-orbit inter-
action couples in z-direction. For a thin strip confined
in z-direction as considered here, both models yield the
same effective two-dimensional Hamiltonian. We are in-
terested in strips sufficiently thin such that the top and
bottom surface states are gapped out and the edge states
2become dominant at the Fermi level. (For Bi2Se3 this
would mean a film thickness of less than 6 nm.20) In this
case the confinement in z-direction leads to a generic ef-
fective two-dimensional Hamiltonian of the form:
H(k) = ǫ0(k)I4×4 +
2∑
i=0
mi(k)Γ
i +
∑
α∈{x,y,z}
Vα I2×2 ⊗ σα
(1)
with ǫ0(k) = C+2D(1−cos kx)+2D(1−cos ky), m0(k) =
M2D−2B(1−coskx)−2B(1−cosky), m1(k) = 2A sinkx,
and m2(k) = 2A sin ky. Here, the Dirac Γ matrices are
represented by Γ0,1,2 = (τz ⊗ I2×2, τx ⊗ σx, τx ⊗ σy) in
the basis of bonding and antibonding pz orbital states.
The Pauli matrices in orbital space are denoted by τi
and the ones in spin space by σi. The components of
the Zeeman field in x, y, and z-direction are denoted
by Vx,y,z, respectively. The parameters A, B, C, D, and
M have been derived from bandstructure calculations for
Bi2Se3 in Ref. 21. Our parameterM2D =M−B1(π/Lz)2
is an effective two dimensional parameter, which accounts
for the finite film thickness Lz.
First, we will study a particle-hole symmetric system
with D = 0. In Bi2Se3 the parameter D is about a
factor of three smaller than B and its modest influence
will be considered in Section III. Without loss of gen-
erality we can set C = 0. The Hamiltonian (1) then
possesses several spin-orbital symmetries in the absence
of a Zeeman field some of which remain valid for cer-
tain directions of the Zeeman field. Specifically, let
us consider the following symmetry operators: Θ0 =
τz ⊗ σx, Θ1 = τx ⊗ σx, Θ2 = τy ⊗ σy, Θ3 = τz ⊗ σz,
and parity P = τz ⊗ I2×2. These symmetry opera-
tors share that they act on both orbital and spin de-
grees of freedom at the same time. In the absence of
a Zeeman field the Hamiltonian (1) fulfils the follow-
ing symmetry relations: Θ0H(kx, ky)Θ
−1
0 = H(−kx, ky),
Θ1H(kx, ky)Θ
−1
1 = −H(−kx, ky), Θ2H(kx, ky)Θ−12 =
−H(−kx, ky), Θ3H(kx, ky)Θ−13 = H(kx, ky), and
PH(kx, ky)P
−1 = H(−kx,−ky). In the presence of a
Zeeman field in z-direction the symmetries Θ1, Θ2, Θ3,
and P are still respected, while Θ0 is broken. In contrast,
in the presence of a Zeeman field in x-direction the sym-
metries Θ0, Θ2, and P are still respected, while Θ1 and
Θ3 are broken. All of these symmetry operations respect
Θ2i = P
2 = I4×4, thus their eigenvalues are ±1.
Let us consider now a strip with finite extension in
y-direction with y ∈ [0, L], but periodic boundary condi-
tions in x-direction, as shown in Fig. 1. In the absence
of a Zeeman field the system possesses four topological
edge states at the two edges y = 0 and y = L, two on
each side. These edge states can be obtained analytically
in small ky expansion following the method of Ref. 22. If
L is sufficiently larger than the localization length of the
edgestates, we may consider the edges separately letting
L → ∞. The edge state wavefunctions are then linear
superpositions of exponentially decaying functions of the
form eηy with the boundary conditions ψ(y = 0) = 0 and
ψ(y →∞) = 0.
A. Zeeman field in z-direction: robust edge states
We will first proof that the dispersion of the edge states
remains unaffected by a Zeeman field in z-direction. Con-
sider the Hamiltonian
H0(k) = m0(k)Γ
0 +m2(k)Γ
2 + Vz I2×2 ⊗ σz (2)
This is the Hamiltonian (1) with C = D = 0 except for
the Γ1 term. Note, that this Hamiltonian anticommutes
with the symmetry operation Θ1, i.e. [H0,Θ1]+ = 0.
Now assume that |Ψkx〉 is a zero-energy eigenstate of H0.
It is easy to show by direct calculation that such a zero-
energy edge state exists, ifM2D−2B(1−cos kx)+Vz > 0.
A second one exists, if M2D − 2B(1 − cos kx) − Vz > 0.
Physically, this means that an edge state exist for each
of the two spin-split bulk bands whenever there is a band
inversion.1 Equivalently, one can show that the Hamilto-
nian (2) possesses two flat bands protected by the sym-
metry Θ1, one for each of the two bulk bands using the
topological invariant in Ref. 23. Due to the anticom-
mutation, |Ψkx〉 either is an eigenstate of Θ1 or can be
constructed as such. Now it turns out that Θ1 = Γ
1.
Therefore |Ψkx〉 will also be an eigenstate of the Hamil-
tonian (1) (with C = D = 0) and its energy dispersion
will thus be given by the prefactor of the Γ1 term times
the Θ1 eigenvalue, i.e. E(kx) = ±2A sinkx. This result
is apparently independent of Vz (and also of M2D and
B, as long as the condition for the existence of the edge
state is fulfilled). As the Hamiltonian also commutes
with Θ3 we can deduce that the four edge states have
to be proportional to (1, 0, 0, 1), (1, 0, 0,−1), (0, 1, 1, 0),
or (0, 1,−1, 0), i.e. also the spin-orbital structure of the
edge states remains unaffected by Vz . It is only the spa-
tial structure that changes. Note, that this spin-orbital
structure has the property that the expectation value of
the total spin-z component vanishes, because the spin in
the two orbital subbands is just opposite. This is in con-
trast to the quantum spin Hall system HgTe, where the
edge states consist of two orbital subbands having the
same spin.19,22 In the present case, which is relevant for
the edge states in a thin Bi2Se3 strip, this special feature
explains why the edge states are robust against a Zeeman
field in z-direction. The robustness of the edge states can
equally be understood from the existence of a flat band
in the corresponding Hamiltonian (2).
The parity operator P relates a state at one edge to
a state with same energy and opposite kx on the other
edge. From this we can conclude that the states (1, 0, 0, 1)
and (1, 0, 0,−1) are localized on different edges and have
the same spatial structure and the states (0, 1, 1, 0) and
(0, 1,−1, 0), too. For Vz = 0 the symmetry Θ0Θ2 shows
that (1, 0, 0, 1) and (0, 1,−1, 0) are on the same edge with
same momentum, but opposite energy. The same is true
for (1, 0, 0,−1) and (0, 1, 1, 0). These statements also
hold for finite Vz even though Θ0 is broken.
In order to confirm our analytical results we have di-
agonalized the Hamiltonian (1) with C = D = 0 and
M2D = B = A = 1 on a finite lattice of size 500 × 200
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FIG. 2: (Color online) Numerical dispersions of bulk and
edge states for Vz/M2D = 0.5, 1.0, and 1.5, respectively.
When Vz/M2D reaches 1 two of the four edge states disap-
pear. We have used B = A = M2D = 1, and C = D =
0. The vertical lines in (a) show the momenta kx, where
M2D − 2B(1− cos kx)± Vz = 0.
numerically with periodical boundary conditions in x-
direction. The numerical results, shown in Fig. 2 con-
firm the analytical proof. For Vz/M2D < 1 we find four
edge states, two on each side. When Vz/M2D approaches
1, the localization length of two of the edge states ap-
proaches the width of the system, similar to what has
been found in Ref. 24. At Vz/M2D = 1 the bulk bands
touch the Dirac point (see Fig. 2(b)). When Vz/M2D
becomes larger than 1, these two edge states disappear.
The other two edge states survive, though. The system
thus makes a quantum phase transition into a quantum
anomalous Hall state. Throughout this transition the dis-
persion and the spin-orbital structure of the edge states
remains unchanged, while the bulk spectrum changes, of
course.
B. Zeeman field in x-direction: appearence of a flat
band
Let us next consider a Zeeman field in x-direction. In
this case the dispersion of the edge states changes, be-
cause I2×2⊗σx does not anticommute with Θ1 anymore.
The symmetries Θ0 and Θ2 are still respected. Let |Ψkx〉
be an edge state of H with energy E. Then, Θ0Θ2 |Ψkx〉
is an edge state with energy −E which is localized at the
same edge. If we have just one edge state on each side,
|Ψkx〉 = ±Θ0Θ2 |Ψkx〉 must hold and its energy thus has
to be strictly zero, i.e. a flat band appears. As shown in
Fig. 3, this happens for Vx >
√
M(kx)2 + 4A2 sin
2(kx),
whereM(kx) =M2D−2B(1−coskx). This is a topologi-
cal flat band as has been discussed recently in graphene25
and topological superconductors with gap nodes.26 Such
a flat band appears when the bulk gap closes,27 as is the
case here, too. Its existence is guaranteed by a topo-
logical invariant due to the chiral symmetry Θ0Θ2.
23,26
In contrast to other flat band systems, however, in the
present case the flat band is generated by a magnetic
exchange field and thus is tunable experimentally. We
will show below that it can be observed realistically in
Bi2Se3.
In Fig. 3 we show the dispersions of bulk and edge
states above and below Vx/M2D = 1. For Vx/M2D < 1
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FIG. 3: (Color online) Numerical dispersions of bulk and edge
states for a Zeeman field in x-direction with Vx/M2D = 0.6,
and 1.6, respectively. When Vx/M2D exceeds 1 two of the four
edge states disappear and a flat band appears. Parameters are
the same as in figure 2.
we have four edge states. When Vx/M2D > 1 two of these
states disappear and a pair of bulk Dirac points appears.
These points are connected by a flat band of two edge
states, one on each side of the strip.
When the Zeeman field is rotated within the x-y-plane
the flat band becomes smaller and finally shrinks to a
single point, when the Zeeman field points in y-direction.
III. REALISTIC PARAMETERS FOR Bi2Se3
So far we have discussed the particle-hole symmetric
case C = D = 0 in Eq. (1), in which the two phenomena
of stable dispersion and flat bands become particularly
clear. We will now study parameters, which are realistic
for Bi2Se3, in order to show that these phenomena remain
and how they are modified. According to Zhang et al.21
the parameters are given by B = 3.3 eV, M2D = 0.17 eV,
A = 0.49 eV, D = 1.14 eV, and C = −0.0068 eV, i.e.
particle-hole symmetry is somewhat broken. Here, we
considered a film thickness of 3 nm and took the lattice
constant a = 4.14 A˚. The parameter M2D is the size
of the bulk gap in the absence of a Zeeman field. The
parameter t = D/B = 0.35 is a measure of the particle-
hole asymmetry. We note that the particle-hole broken
Hamiltonian is adiabatically connected to the particle-
hole symmetric one, if |t| < 1. This means that the
topological phase is the same in both cases. For |t| > 1
the system would become topologically trivial.
Following the method of Zhou et al.22 we can deter-
mine the dispersion and structure of the edge states an-
alytically, when a Zeeman field in z-direction is applied.
For the dispersions we find E(kx) = t(M2D ± Vz) ±
2A
√
1− t2 sin kx. The spin-orbital structure of the edge
states turns out to be of the form (u, 0, 0, v), (u, 0, 0,−v),
(0, v, u, 0), and (0,−v, u, 0), where u = √1− t2 and
v =
√
1 + t2. For t = 0 the particle-hole symmetric re-
sults above are reproduced. Interestingly, the dispersions
remain robust except for a constant energy shift of ±tVz,
which is reduced by the particle-hole asymmetry. The
Zeeman field does not create a gap in the dispersion of
the edge states. Also, the spin-orbital structure of the
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FIG. 4: (Color online) Numerical dispersions of bulk and edge
states for Zeeman field in z-direction with Vz/M2D = 0.5, 1.0
and 1.5, respectively. When Vz/M2D exceeds 1, two of the
four edge states disappear. Here, we have chosen realistic
parameters for Bi2Se3, as described in the text.
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FIG. 5: (Color online) (a) Numerical dispersion of bulk and
edge states for a Zeeman field in x-direction with Vx/M2D =
4. When Vx/M2D exceeds 1, two of the four edge states
disappear and an almost flat band appears. (b) Density of
States of this system. The flat band appears as a peak around
E = 0.28 eV. Parameters are the same as in figure 3.
edge states neither depends on Vz nor on kx. Only the
parameter t determines the spin-orbital structure.
In Fig. 4 we present numerical dispersions for a fi-
nite Bi2Se3 strip in the presence of a Zeeman field in
z-direction using the parameters of Zhang et al, which
corroborate our analytical results. Fig. 4(a) shows that
Vz shifts the energies of the edge states, but does not
change the shape of the dispersions. When Vz/M2D ex-
ceeds 1, two of the four edge states disappear and the
system makes a quantum phase transition into a quan-
tum anomalous Hall state similar to the one that has
recently been found in Bi(111) bilayers.28
When the Zeeman field is applied in x-direction, the
symmetries Θ0 and P are still respected, while Θ2 is
broken. Let |Ψkx〉 be an edge state of H with en-
ergy E. Then, Θ0 |Ψkx〉 is an edge state with energy
E and momentum −kx, which is localized at the same
edge. If there exists only one state at each edge we have
E(kx) = E(−kx), i.e. the dispersion is symmetric in kx.
The state PΘ0 |Ψkx〉 then is an edge state with same en-
ergy and momentum kx localized at the opposite edge
and the edge state dispersion is twofold degenerate.
In Fig. 5(a) we show the numerical dispersion of bulk
and edge states for a Zeeman field in x-direction with
Vx/M2D = 4. When Vx/M2D exceeds 1, again two of the
four edge states disappear and an almost flat band ap-
pears. Due to the broken particle-hole symmetry this
band has a finite dispersion now. For Vx/M2D = 4
this band is clearly separated from the bulk bands. It
ends at the two Dirac points of the bulk bands, as in
the particle-hole symmetric case. In Fig. 5(b) we show
the density of states. Here, the flat band appears as
a peak around E = 0.28 eV. In order to realize this
situation experimentally one would need Zeeman fields
in the range 0.17 eV < Vx < 0.7 eV, which are typical
exchange splittings in common ferromagnets. The cri-
terion for the appearance of this flat band remains the
same as in the particle-hole symmetric case above, i.e.
Vx >
√
M(kx)2 + 4A2 sin
2(kx), because its appearance
is related to the closure of the bulk gap, which is un-
changed, when D > 0. The dispersion of the band de-
creases with increasing value of Vx.
The robustness of flat bands with respect to disorder
has been discussed recently by Matsuura et al.23 In order
to check the robustness, we have added a single impurity
at the edge of our system. The numerical calculation
showed that the number of zero energy states remained
unchanged, confirming the robustness of the flat band.
This is expected as the flat bands are protected by a
bulk topological invariant.
IV. CONCLUSION
In conclusion, we have shown that spin-orbital symme-
tries in a topological insulator can create special features
like robust edge states and flat bands. Specifically, we
have studied a thin Bi2Se3 strip in a Zeeman field. When
the Zeeman field is applied perpendicular to the strip we
have shown that the edge states remain robust even un-
der the time-reversal symmetry breaking Zeeman field.
When the Zeeman field is applied parallel to the strip
along its long direction, a topological flat band appears
above a critical value of the Zeeman field. In contrast
to previous proposals this flat band is within experimen-
tal reach at room temperature and tunable by the Zee-
man field. The combination of Bi2Se3 thin films with
ferromagnetic materials can thus create highly interest-
ing features that can be tuned by the polarization of the
ferromagnet and lead to new spintronics devices.
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